On the category of modules of Gorenstein dimension zero II  by Takahashi, Ryo
Journal of Algebra 278 (2004) 402–410
www.elsevier.com/locate/jalgebra
On the category of modules of Gorenstein
dimension zero II
Ryo Takahashi
Graduate School of Natural Science and Technology, Okayama University, Okayama 700-8530, Japan
Received 21 August 2003
Available online 14 January 2004
Communicated by Craig Huneke
Abstract
Let R be a commutative noetherian henselian non-Gorenstein local ring. The author has
conjectured in [R. Takahashi, On the category of modules of Gorenstein dimension zero, preprint,
2003] that there exist infinitely many isomorphism classes of indecomposable R-modules of
Gorenstein dimension zero if there exists a non-free module of Gorenstein dimension zero, and has
proved that the conjecture holds when R has depth zero. In this paper, we prove that the conjecture
also holds when R has depth one.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Throughout this paper, let R be a commutative noetherian local ring with maximal
ideal m. Let k = R/m be the residue class field of R. All R-modules considered in this
paper are finitely generated.
Gorenstein dimension (G-dimension), which was defined by Auslander [1], is a ho-
mological invariant for modules that is closely related to the Gorenstein property: over a
Gorenstein local ring, any module has finite G-dimension; a local ring is Gorenstein if its
residue class field has finite G-dimension. (In the next section, we will introduce several
properties of G-dimension.)
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it is a maximal Cohen–Macaulay R-module. There actually exist Gorenstein local rings
which have only finitely many isomorphism classes of indecomposable maximal Cohen–
Macaulay modules; such rings are called to be of finite Cohen–Macaulay representation
type, and in several cases, such rings have already been classified completely. (See [9] for
the details.)
It is natural to ask whether there exists a non-Gorenstein local ring which has only
finitely many isomorphism classes of indecomposable modules of G-dimension zero. Such
a ring in fact exists. For example, let R be a non-Gorenstein local ring with m2 = 0.
Then every indecomposable R-module of G-dimension zero is isomorphic to R (cf. [11,
Proposition 2.4]).
Thus, we would like to know whether there exists a non-Gorenstein local ring which
has a non-free module of G-dimension zero and only finitely many isomorphism classes of
indecomposable modules of G-dimension zero. Our guess is that such a ring cannot exist.
Conjecture 1.1. Suppose that R is non-Gorenstein and that there exists a non-free R-mo-
dule of G-dimension zero. Then there exist infinitely many isomorphism classes of inde-
composable R-modules of G-dimension zero.
In [7], it is proved that this conjecture is true if R is a henselian local ring of depth zero.
The main purpose of this paper is to prove that this conjecture is also true if R is
a henselian local ring of depth one.
2. Main theorems
First of all, we recall the definition of G-dimension. Put (−)∗ = HomR(−,R), and
denote by ΩnRM the nth syzygy module of an R-module M .
Definition 2.1. Let M be an R-module.
(1) If the following conditions hold, then we say that M has G-dimension zero, and write
G-dimR M = 0:
(i) The natural homomorphism M → M∗∗ is isomorphic.
(ii) ExtiR(M,R) = 0 for every i > 0.
(iii) ExtiR(M∗,R) = 0 for every i > 0.
(2) If ΩnRM has G-dimension zero for a non-negative integer n, then we say that M has
G-dimension at most n, and write G-dimR M  n. If such an integer n does not exist,
then we say that M has infinite G-dimension, and write G-dimR M = ∞.
(3) If M has G-dimension at most n but does not have G-dimension at most n − 1, then
we say that M has G-dimension n, and write G-dimR M = n.
G-dimension has the following properties, which are similar to those of projective
dimension. For the proofs, refer to [2, Chapter 3,4] and [5, Chapter 1].
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(1) The following conditions are equivalent:
(i) R is Gorenstein;
(ii) G-dimR M < ∞ for any R-module M;
(iii) G-dimR k < ∞.
(2) Let M be an R-module with G-dimR M < ∞. Then G-dimR M = depthR−depthR M .
(3) Let 0 → L → M → N → 0 be a short exact sequence of R-modules. If two of L,M,N
have finite G-dimension, then so does the third.
(4) Let M be an R-module, and n a non-negative integer. Then G-dimR(ΩnRM) =
sup{G-dimR M − n,0}.
(5) Let M,N be R-modules. Then G-dimR(M ⊕ N) = sup{G-dimR M,G-dimR N}.
We denote by modR the category of finitely generated R-modules, and by G the full
subcategory of modR consisting of all R-modules of G-dimension zero. The following
proposition will play an important role later.
Proposition 2.3. Suppose that there is a direct sum decomposition m = I ⊕ J where I, J
are non-zero ideals and G-dimR I < ∞. Then R is a Gorenstein local ring of dimension
one.
Proof. We proceed the proof step by step.
Step 1. We show that depthR  1. For this, according to [6, Proposition 2.1], it is enough
to prove that the punctured spectrum P = SpecR−{m} of R is disconnected. For an ideal a
of R, let V (a) denote the set of all prime ideals of R containing a. Now we have m = I +J ,
0 = I ∩J , and I, J = 0. Hence P is the disjoint union of the two non-empty closed subsets
V (I) ∩ P and V (J ) ∩ P . Therefore, P is disconnected.
Step 2. We show that depthR = 1. Suppose that depthR = 0. Then note from Propo-
sition 2.2(2) and 2.2(4) that I,R/I ∈ G and depthR/I = 0. Dualizing the natural exact
sequence 0 → I → R → R/I → 0, we obtain another exact sequence
0 → (0 :R I) → R → I∗ → 0.
Hence we have an isomorphism I∗ ∼= R/(0 :R I). It follows that
I ∼= I∗∗ ∼= (R/(0 :R I)
)∗ ∼= (0 :R (0 :R I)
)
.
It is easy to see from this that I = (0 :R (0 :R I)). Since (0 :R I) ⊆ m, we have I = (0 :R
(0 :R I)) ⊇ (0 :R m). On the other hand, note that (0 :m/I m) = (0 :R/I m) = 0. Since
J ∼= m/I , we see that (0 :J m) = 0. However, we have (0 :J m) = (0 :R m)∩J ⊆ I ∩J = 0,
which is contradiction. This contradiction says that depthR = 1, as desired.
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we have I ⊆ (0 :R J ) and J ⊆ (0 :R I). Hence m = I + J ⊆ (0 :R I) + (0 :R J ), and
therefore m = (0 :R I)+(0 :R J ). Since (0 :R I)∩(0 :R J ) = SocR = 0, we obtain another
decomposition
m = (0 :R I) ⊕ (0 :R J )
of m. Consider the endomorphism
I ⊆ (0 :R J ) ⊆ m = I ⊕ J δ→ I,
where δ is the projection onto I . It is easy to see that this endomorphism is the identity
map of I , and hence I is a direct summand of (0 :R J ). Similarly, J is a direct summand
of (0 :R I). Write (0 :R J ) = I ⊕ I ′ and (0 :R I) = J ⊕ J ′ for some ideals I ′, J ′, and we
obtain
I ⊕ J = m = (0 :R I) ⊕ (0 :R J ) = J ⊕ J ′ ⊕ I ⊕ I ′.
Thus we see that I ′ = J ′ = 0, and hence we have I = (0 :R J ) and J = (0 :R I).
Step 4. We show that R is a Gorenstein local ring of dimension one. Dualizing the natural
exact sequence 0 → J → R → R/J → 0, we have an exact sequence
0 → (0 :R J ) → R → J ∗.
Since depthR J ∗  inf{2, depthR} > 0 by [4, Exercise 1.4.19], the R-module Im  ∼= R/I
has positive depth. Therefore, Proposition 2.2(2) implies that R/I ∈ G. It follows from this
and Proposition 2.2(4) that I ∈ G and J = (0 :R I) ∼= (R/I)∗ ∈ G. Thus, m = I ⊕J ∈ G by
Proposition 2.2(5), and R is Gorenstein by Proposition 2.2(1) and 2.2(4). Hence we have
dimR = depthR = 1. 
Now we introduce the notion of a cover of a module.
Definition 2.4. Let X be a full subcategory of modR.
(1) Let φ : X → M be a homomorphism from X ∈X to M ∈ modR.
(i) We call φ an X -precover (or a right X -approximation) of M if for any homomor-
phism φ′ : X′ → M with X′ ∈ X there exists a homomorphism f : X′ → X such
that φ′ = φf .
(ii) Assume that φ is an X -precover of M . We call φ an X -cover (or a right
minimal X -approximation) of M if any endomorphism f of X with φ = φf is
an automorphism.
(2) The category X is said to be contravariantly finite if every M ∈ modR has an X -
precover.
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summands. Suppose that R is henselian.
(1) Let 0 → N ψ→ X φ→ M be an exact sequence of R-modules where φ is an X -precover.
Then the following conditions are equivalent:
(i) φ is not an X -cover.
(ii) There exists a non-zero submodule L of N such that ψ(L) is a direct summand
of X.
(2) The following conditions are equivalent for an R-module M:
(i) M has an X -precover.
(ii) M has an X -cover.
Proof. (1) This is well known. See [10, Lemma (2.2)] for example.
(2) It is obvious that (ii) implies (i). Let φ : X → M be an X -precover of M . Putting
N = Kerφ, we get an exact sequence
0 → N ψ→ X φ→ M,
where ψ is the natural inclusion. Suppose that φ is not an X -cover. Then it follows from
(1) that there exists a non-zero submodule L of N such that ψ(L) is a direct summand
of X. Note that L is a direct summand of N . Let N ′ (respectively X′) be the complement
of L (respectively ψ(L)) in N (respectively X). Then X′ belongs to X by the assumption,
and an exact sequence
0 → N ′ ψ
′
→ X′ φ
′
→ M
is induced. It is easily seen that φ′ is an X -precover of M . Since the minimal number of
generators of X′ is smaller than that of X, repeating the same argument, we eventually
obtain an X -cover of M . 
Remark 2.6. Under the assumption in the above proposition, let 0 → N ψ→ X φ→ M be
an exact sequence of R-modules where φ is an X -precover. It is seen from the proof of
the second statement in the above proposition that there exists a direct summand L of N
satisfying the following conditions:
(i) ψ(L) is a direct summand of X.
(ii) Let N ′ (respectively X′) be the complement of L (respectively ψ(L)) in N (respec-
tively X), and let 0 → N ′ ψ
′
→ X′ φ
′
→ M be the induced exact sequence. Then φ′ is an
X -cover of M .
Let X be a full subcategory of modR, M an R-module, and i an integer. In this paper,
“ExtiR(X ,M) = 0” means that ExtiR(X,M) = 0 for every X ∈X . The following lemma is
called Wakamatsu’s lemma; see [8, Lemma 2.1.1] for the proof.
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extensions, and let 0 → N → X φ→ M be an exact sequence of R-modules where φ is an
X -cover. Then Ext1R(X ,N) = 0.
Let M be an R-module. For an R-module N , we define a homomorphism λM(N) :
M ⊗R N → HomR(M∗,N) of R-modules by λM(N)(m ⊗ n)(f ) = f (m)n for m ∈ M ,
n ∈ N , and f ∈ M∗.
On the other hand, let F1
∂→ F0 → M → 0 be a finite presentation of M by free R-
modules. Then we denote by trR M the cokernel of the dual homomorphism ∂∗ : F ∗0 → F ∗1
and call it the Auslander transpose of M . It is known that trR M is unique up to free
summands. (For the details, see [2, Chapter 2, §1] or [9, Definition (3.5)].)
Now we can prove the following theorem. As a corollary of this theorem, we will obtain
Theorem 2.9, which says that Conjecture 1.1 holds if the depth of R is one and R is
henselian.
Theorem 2.8. Suppose that R is a henselian non-Gorenstein local ring of depth one and
that there exists a non-free R-module in G. Then the R-module m does not admit a G-
precover. In particular, the category G is not contravariantly finite in modR.
Proof. First of all, we note from Proposition 2.2(2), 2.2(3), and 2.2(5) that the full subca-
tegory G of modR is closed under direct summands and extensions. Also note that
Ext1R(G, k) = 0 (1)
since there exists a non-free module in G.
Suppose that m admits a G-precover. We want to derive contradiction. Proposition 2.5(2)
implies that m admits a G-cover π : X → m. Since R ∈ G, any homomorphism from R to
m factors through π . Hence π is a surjective homomorphism. Setting L = Kerπ , we get
an exact sequence
0 → L θ→ X π→ m → 0, (2)
where θ is the natural embedding. Lemma 2.7 says that Ext1R(G,L) = 0. According to
Proposition 2.2(4), we have ExtiR(G,L) = 0 for every i > 0.
Fix Y ∈ G which is non-free and indecomposable. Since trR Y ∈ G by [2, Proposi-
tion (3.8)], we have
KerλY (L) = Ext1R(trR Y,L) = 0 and CokerλY (L) = Ext2R(trR Y,L) = 0
by [2, Proposition (2.6)]. This means that λY (L) is an isomorphism. Hence the composite
map λY (X) · (Y ⊗R θ) = HomR(Y ∗, θ) · λY (L) is injective, and therefore so is the map
Y ⊗R θ . Also, we have Ext1R(Y ∗,L) = 0 because Y ∗ ∈ G. Thus we obtain a commutative
diagram
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Y⊗Rθ
λY (L) ∼=
Y ⊗R X
Y⊗Rπ
λY (X)
Y ⊗R m
λY (m)
0
0 HomR(Y ∗,L)
HomR(Y ∗,θ)
HomR(Y ∗,X)
HomR(Y ∗,π)
HomR(Y ∗,m) 0
with exact rows, and this induces a commutative diagram
HomR(Y ∗,X)∗ HomR(Y ∗,L)∗
∼=
Ext1R
(
HomR(Y ∗,m),R
)
(Y ⊗R X)∗
ρ
(Y ⊗R L)∗ Ext1R(Y ⊗R m,R)
with exact rows. Here, let us examine the module Ext1R(HomR(Y ∗,m),R). Since
Y ∗ is a non-free indecomposable module, any homomorphism from Y ∗ to R fac-
tors through m. Therefore, we have HomR(Y ∗,m) ∼= HomR(Y ∗,R) ∼= Y , and hence
Ext1R(HomR(Y
∗,m),R) = 0 because Y ∈ G. This means that the homomorphism ρ in the
above diagram is surjective.
Dualizing the exact sequence (2), we obtain an exact sequence
0 → m∗ π∗→ X∗ θ∗→ L∗.
Set C = Im(θ∗) and let σ : X∗ → C be the surjection induced by θ∗. The surjectivity
of ρ says that the homomorphism HomR(Y, θ∗) : HomR(Y,X∗) → HomR(Y,L∗) is also
surjective since the two may be identified, and so is the homomorphism HomR(Y,σ ) :
HomR(Y,X∗) → HomR(Y,C). This means that σ is a G-precover. According to Re-
mark 2.6, we can take a direct summand Z of m∗ satisfying the following conditions:
(i) π∗(Z) is a direct summand of X∗.
(ii) Let M (respectively W ) be the complement of Z (respectively π∗(Z)) in m∗ (respec-
tively X∗), and let 0 → M → W τ→ C → 0 be the induced exact sequence. Then τ is
a G-cover.
Lemma 2.7 yields
Ext1R(G,M) = 0. (3)
Now, we prove that the maximal ideal m is a reflexive ideal. Dualizing the natural exact
sequence 0 → m ζ→ R → k → 0, we obtain an exact sequence
0 → R µ→ m∗ → kr → 0, (4)
where r is a positive integer because depthR = 1. Dualizing this exact sequence again, we
obtain an injection ν : m∗∗ → R, which maps ξ ∈ m∗∗ to ξ(ζ ) ∈ R. Let η : m → m∗∗ be
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an ideal of R containing the maximal ideal m, and hence either ν or η is an isomorphism.
Assume that ν is an isomorphism. Then there exists ξ ∈ m∗∗ such that ξ(ζ ) = 1. This
means that the composition ξµ is the identity map of R, and hence the exact sequence
(4) splits. Therefore, we have R ⊕ kr ∼= m∗ = Z ⊕ M . Noting that Z is isomorphic to
π∗(Z) which is a direct summand of X∗ and that X∗ ∈ G, we see from Proposition 2.2(5)
that Z ∈ G. Since k /∈ G by Proposition 2.2(1), we see from the Krull–Schmidt theorem
that Z ∼= R and M ∼= kr . From (1) and (3), we obtain contradiction. Hence η must be an
isomorphism, which says that m is a reflexive ideal, as desired.
Thus, we have m ∼= m∗∗ ∼= Z∗ ⊕M∗. It follows that the module Z∗ ∈ G can be regarded
as a subideal of m. Since R is not Gorenstein, Proposition 2.3 implies that either Z∗ = 0 or
M∗ = 0. But if M∗ = 0, then m ∼= Z∗ ∈ G, which would imply that R was Gorenstein by
Proposition 2.2(1) and 2.2(4). Thus, Z∗ = 0. Hence Z ∼= Z∗∗ = 0, and therefore M = m∗.
By (3) and (4), we see that Ext1R(G, kr ) = 0, contrary to (1). This contradiction completes
the proof of our theorem. 
Suppose that there exist only finitely many isomorphism classes of indecomposable R-
modules of G-dimension zero. Then G is a contravariantly finite subcategory of modR.
We can show this by means of the idea appearing in the proof of [3, Proposition 4.2]:
fix an R-module M . Let X be the direct sum of the complete representatives of the
isomorphism classes of indecomposable R-modules of G-dimension zero. Taking a system
of generators φ1, φ2, . . . , φn of the R-module HomR(X,M), we easily see that the
homomorphism (φ1, φ2, . . . , φn) : Xn → M is a G-precover of M . It follows that G is
contravariantly finite in modR.
Thus, according to Theorem 2.8, we have the following theorem, and the main purpose
of this paper is fulfilled.
Theorem 2.9. Suppose that R is a henselian non-Gorenstein local ring of depth one and
that there exists a non-free R-module of G-dimension zero. Then there exist infinitely many
isomorphism classes of indecomposable R-modules of G-dimension zero.
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